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Abstract

According to Muliere, Secchi and Walker (2005) a reinforced random
process indexed by k-ary tree, we introduce a class of discrete-time stochas-
tic processes generated by interacting systeme of reinforced urns, we show
that such processes are converge in distribution and asymptotically partially
exchangeable.
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1 Introduction

According to Muliere, Secchi and Walker (2005) a reinforced random process
indexed by a k-ary tree can be described as a stochastic process represent-
ing the outcomes of drawings in a system of urns, whose compositions are
determined by the interaction of the geometrical structure (the tree) with a
Poélya-like reinforcing rule.

An effective comprehension of this model can requirer a brief review of
tree and Pélya urns.

A traditional two-color Pdélya urn is characterized by an initial compo-
sition of balls of colors 0 and 1 and - most important - by a reinforcement
rule such that when a ball of given color is sampled, the composition of the
urn is updated returning that ball in the urn with another one of the same
color. In this way, the sequence of the random variables keeping track of the
successive drawings outcomes is exchangeable.

On the other hand, a tree T is a connected graph that contains no
cycles. Often a distinguished vertex ¢, the root, is identified and the tree is
considered as a directed graph where the vertices go in the direction away
from ¢. Given a vertex 7 € T, there is a unique path 7(¢,7) from ¢ to 7.
The number of edges in 7(¢, ) is the level number of T and denoted |7|.
Notice that |¢| = 0. For all the vertices in 7 € T" but the root, there exists
a vertex 0 = ‘7 called the parent of level |7| — 1 and with an edge to 7.

Alternatively 7 is said to be a child of ¢ and two vertices with the same



parents are said siblings. When the number of vertices is infinite and all the
vertices have the same number of children, say k, T' is an infinite k-ary tree.

In a reinforced random process indexed by a tree, the urns are allocated
in the vertices of a tree and the following sampling scheme is run: (i) all
the urns have the same initial composition of the two colors’ balls and (i)
starting with an extraction from the urn in the root, we keep on sampling
from the urns in the successive levels in such a way that the compositions of
the children urns are reinforced by the result of the parent’s draw , conformly
with the tree’s genealogy.

This framework allows to model, moving along the different branches,
dependent sequences of random variables. Actually dependence stems from
geometry: the closer the branches, the higher the dependence between the
sequences. By the definition of de Finetti (1938) the collection of the
sequences is said partially exchangeable. Section 2 provides more details
about this process summarizing the main results of Muliere, Secchi and
Walker (2005).

Retaining these basic ideas, Section 3 substitutes the original tree with
a different structure with the purpose of introducing a closer dependence.
The new frame G is actually a recombinant binary tree in which every vertex
has two parents and two children except the root (without parents) and the
vertices along the left and right extreme branches have two children and just
one parent. Furthermore, vertices at the side of each other have a child in

comimon.



The concern here is to study how the properties of the random sequences
are offected with this new geometrical structure where the updated compo-
sitions may reflect a sort of merging between the outcomes of the parents.
Section 4 tackles the problem of the asymptotic behaviour of this process
and Section 4 provides a Poisson approximation for the total number of balls

of color 1 at a given level.

2 A dichotomous reinforced process indexed by a

k-ary tree

Let us recall Muliere, Secchi and Walker (2005) process and its main prop-
erties.

Given a probability space (2, F, P) and a k-ary tree T, X = {X,, 7 € T}
is defined recursively. Let a and b be two real positive numbers so that the
random variable X, indexed by the root is distributes Bernoulli( p,) with
Pe = 353

X ~ Bernoulli (pg) .

Forn >0, let 7, =0 {X;: 7 € Tand |7| < n} be the o-field generated
by the random variables corresponding to the vertices of T" with level less
or equal to n. Given F,, the k" random variables X, with |7| = n, are

conditionally independent and Bernoulli distributed with parameter

a+ Zznz_ol XUz’
a+b+n

r =



if (¢, 7) = (0 =09,01,...,0n-1,7). Random variables indexed by siblings
have the same conditional distribution.

As sketched in the introduction the basic interpretation is that, at each
vertex of the tree, there is a two-color (0 and 1) urn; the parameters a and
b fix the initial composition of the urn in ¢, while the random variables X
represents the outcome of the drawings. For a given vertex, the composition
of its k children is the same of the parent plus 1 ball of the color drawn from
the parent urn.

Before stating the proposition about the sequences of variables describing
the drawing’s outcomes, some additional definition are needed.

Let us define E be the space of the ends of T, that is the set of all
infinite sequences € = (¢ = €q, €1, €9, ... ) of vertices of a k-ary tree with the
property that Vi > 0

les) =i and &; =& 1.
€ can be interpreted as a path on the tree T' connecting the root with a
point at a infinite level. Let T = T U E and define, for £ # n, £ An as the
confluent of 1 and £ to be the vertex with the highest level belonging both

to m(0,€) and m(0,7): A distance in T is defined as follows

exp(—[§An]) §#n

0 otherwise

d(&,m) =

for £, € T. With this metric the space T is compact and totally uncon-
nected; moreover, 7T is a discrete subspace of T and E is a compact subspace

of T.



An interesting matter of enquiry is the asymptotic behaviour of the pro-

CeSss
p=1{p;: €T}

representing the proportion of balls of color 1 contained in the urns indexed
by the different vertices of T

Given a generic end € = (¢, e1,€9, ... ) the sequence of random variables
{X4, X, Xey, ... }is a 0-1 Pélya sequence; hence the sequence is exchange-
able, that is equivalent to saying that Xy, X. , X.,,... are conditionally

independent Bernoulli(p;) where
pe = lim p., a.s.
n—oo

Furthermore the almost sure limit p. is a random variable with distribu-
tion Beta(a,b).

The geometrical structure of the k-ary tree induces a particular kind of
dependence between the different sequences. Sequences along two different
ends € and 7 have the same marginal distribution, but they are dependent.

X

If n = |e An|, the subsequences X.,,,,Xc, ,,... and X My« -

NMnt1) are

conditionally independent given F,,11. The larger n = | A 7| is, the greater

the dependence. The following proposition summarizes some results.

Proposition 1. [Muliere, Secchi and Walker (2005)] Let e,n € E, ¢ # n

andn = e An.



1. For all z1,x2 € [0,1]

P[ps < Z1,Pn < 1’2]

n+1 . N 2
1\ B b 1-
:E <n+ ) (a+jbtnt ])H\I/(a:i\a—l—j,b—i-n—i-l—j)
7=0 J i=1

B(a,b)
where V(x|c,d) is the cumulative distribution function of a beta ran-

dom variable with parameters (c,d).

2. For x € [0,1], on a set of probability one,

n+1

n+1\ el —i . .
Pl <alpd =3 (") - p) Il b1 )
=0

3. For s >0 and iy, ...,is € {0,1},
P[Xno =100,..., Xy, = igs| pe]

p§5(1 — pe)s 1S s<n

¢ +1—¢, Blat&s btsta—Es)
pe (1 —pe)"ti=t B(a+&n,b+nta—Es))

s>n
where & = > 7 _ ir.

Remark 1. As a consequence, of the correlation between p. and p, is

1 —logd(e,n)
a+b+1—1logd(e,n)

Corr(pe,py) =

where d is the distance on T defined above.

3 A reinforced urn process indexed by the vertices

of a recombinant binary tree

In this section we propose a new stochastic process indexed by the vertices

of a recombining binary tree G. As seen in the Introduction, G is obtained



by starting from the simplest k-ary tree (the binary) so that each vertex
splits into two children, and vertices at the side of each other have a child
in common. Hence it turns out that each vertex has two parents and two
children except the root (no parents) and the vertices along the left and
right extreme branches (just one parent).

The process X = {X,, v € G} is defined quite similarly to the process in
the previous section. Given two positive real numbers a and b and py = 35,
let

X¢ ~ Bernoulli (pg)

and F,, = 0 {X, : v € Gand |y| <n —1}. Furthermore, for a given vertex
7, define the set of its ancestors A(7) := {y € G : In(d, T) s.t. v € w(p,7)}.
Assume that, given F,, the random variables X, with |7| = n are condition-

ally independent such that X, |F, ~ Bernoulli(p;)

a+3veam Xy
At bt #A()

(1)

br =

To ease the exposition every vertex 7 € G can be labeled by a couple
(i,n) forn=0,1,... and ¢ = 0,...,n where n is the level of the node and 4
increases from left to right. So the root ¢ is (0,0), the two nodes at level 1
(0,1) and (1,1) and so on. More generally, if (i,n) is a node at level n, its
children are (i,n + 1) (left) and (i + 1,n + 1) (right). Figure 1 displays the
graph G.

Relying on the usual interpretation of the Pdlya urn as a Bayesian learn-

ing and forecasting process, the new geometrical structure introduces a more



Figure 1: the recombining binary tree G.



complex prediction rule where, in order to fix the predictive distribution of
the color of the ball extracted in the node 7, all the outcomes in the urns
in the set of the ancestors must be considered and not only the nodes of
particular path from ¢ to 7.

In determining these predictive distributions the number of balls added
as reinforcement to the initial composition is a key element. For a given
vertex 7 = (i,n) € G this number corresponds to the number of ancestors,
that is the cardinality of the set A(i,n). The next lemma computes this

cardinality.

Lemma 1. Forn=20,1,... andi=0,...,n
#A(i,n) =i(n —1i) +n.
Proof. By construction
AGi,n) ={(kn—j): k=(@G—4)",....iAN(n—7j),j=1,...,n}.

Trivially we have #A(0,n) = n and, by recurrence,

A(i,n) = L_J {(i,i+ k) JUA>G—1,n—1).
k=0

Therefore it follows that
#A(i,n) = #AG—-1,n—1)+n—i+1
= #AG-2,n—2)+2(n—i+1)
= . =#A0,n—1d)+i(n—i+1)
= n—i+in—i+1)=iln—1)+n.

10



O]

Using the couples (i, n) as indices we can rewrite X g o) ~ Bernoulli (p(()’o)),

P(0,0) = ﬁb, and forn >0 and 0 < i <n:
X(in)|Fn ~ Bernoulli (p(i’n))

with

p . et a + Zk:(i—j)+,...,i/\(n—j),j:l,,..,n X(km’*]) (2)
(&n) a+b+iln—1i)+n '

Exception, unlike the process introduced by Muliere, Secchi and Walker
(2005) a sequence of X,’s obtained by starting from the root and moving
down from a parent to one of its children is not exchangeable and the cor-
responding sequence of p,’s is not a martingale.

Nevertheless the expected value of the proportion of balls of color 1 is

constant.

Lemma 2. Forn>0and 0 <[ <n

a
Proof. We have F [p(o,o)] = ai-i-bv so we proceed by induction assuming, for

i <m and m < n, that E [pim)] = 2%

Notice that F [p(n+1,n+1)] = %3 because the sequence {p(nvn)} a

a+ n>1 18

Fn-martingale.

11



Hence for i < n fixed, we have

[a+ Zk:(z‘fj)t...,i/\(nﬂfj),j=1,...,n+1 E [E (X(karlfj) | fn)]
a+b+in+1—i)+n+1

E [pinty] =

_ [a+ Zk:(z‘fj)t...,i/\(nﬂfj),j=1,...,n+1 E [p(k,nJrlfj)]
a+b+in+1—i)+n+1

. a+ Zk:(ifj)'h...,i/\(n+1*j)7j=17~--,n+1 a%b
a+b+in+1—i)+n+1

a+ Glin+1—i)+n+1) a

a+b+iln+1—d)+n+1 a+b

As a consequence, we obtain the probability distribution of X .

Corollary 1. Forn >0 and 0 <[ <n,

X ~ Bernoulli (aib) .

Proof. For n > 0 and 0 <[ < n, let compute

Blee] = BB (X 7))

= F [p(z,n)eit +1—pum)

a i a itU
P ey [

with U ~ Bernoulli % ). O

The processes Y = {Y,,v € G} and p = {p,,7 € G} derived by X and
defined like in the previous section enjoy the property of symmetry in that
the random variables associated to vertices symmetric with respect to the

vertical axis have the same law.

12



Lemma 3. Forn >0 and 0 <3 <n:

L
1. P(in) = P(n—in)

L
2. }/(z,n) = Yv(n—i,n)'

Proof. Recall that A(7) is the ancestors’ set of the node 7. Note that if
7' € A(T), then A(1") C A(1).

For a node 7 such that |7| = n, define P!(7) as the set of the parents of 7
that is the ancestors of 7 of level n — 1 and, more generally, for j € 1,... n,
PJ(7) as the set of ancestors of 7 at level n — j.

We have, for such 7 with |7| = n, A(7) = U}, Pi(7) and also, for
k=1,...,n—1 the recursive relation {J,cpr(,) A(n) = U_4 11 Pk(7).

Now let s : G — G, s((i,n)) = (n —i,n) be the function relating a node
to its symmetric with respect to the vertical symmetry axis of G. Notice
that A(n —i,n) = {s(1),7 € A(i,n)}.

By the definition of the process in equation (1), we have, for fixed 7 € G

and given x and x,,n € A(1),

at+> Ao \* at+y N l-z
PIX: =a| X, =z € AW = (i) (- St

a+y. Ao\ T a+" T 1-2
P Xy = o] Xogy = o € AD] = (S22 (1- S55505")

so that

PXr=a| Xy =ayn e An)] = P[Xyp) =] Xy =290 € A7)]

13



Let consider a given node (i,n) and fix {z;,7 € A(i,n)}. We have

n—1
PIX; =z,;,7 € A(i,n)] = H H P[Xr = ar| Xy = 2y € A(T)] P [Xy = 24
Jj=1r1€Pi(in)

n—1
= 11 II P[Xur =] X = 2nm € A(T)] P [Xy() = )
J=171€Pi(in)

= P [Xy; =27 € A(i,n)]
(the x,’s are the different x;’s corresponding to the different subsets of
the above set).
So the random vectors (X,,7 € A(i,n)) and (X,,7 € A(n — i,n))
have the same probability distribution. As Y{;,) = a+ > Ai;n) X, and
Yin—in) =a+ ZTEA(n—i,n) X, it turns out that Y{; ) and Y{,,_; ) have the

same law too. Analogously we obtain the result for p(; ) and p(,_j,). U

This lemma is very useful with respect to the study of the convergence
of the process in that it allows to focus just on the sequences of the type

{p(i’n)}n omitting to consider the symmetric {p(n,m)}n.

4 Some asymptotic properties of the process

Failing the martingale properties of the sequence of proportions {p(m)}n,

the asymptotic behaviour of the new stochastic process is more difficult to

describe. This section gives some results.

14



For i > 0 , we define the processes { p(m)}n such that

Plin) = (3)
We note that for a fixed ¢ > 0 and n < i the processes { p(i,n)}n corre-

spond to Pélya urn processes.

Theorem 1. For fized i > 0, there exists p; : N — N, such that p;(n) / oo
and the process {p(i,%(n))}n>o converges a.s. to the random variable © ~

Beta(a,b).

Proof. We know that for ¢ = 0, the process {p(O,n)}n is a Pdlya sequence,
therefore p(g,) converge almost surely to the random variable © with
© ~ Beta(a,b).

Since, for fixed ¢ > 0 the sequence { p(m)}nzo is bounded, there exists
i : N — N, such that ¢;(n) / oo, and the process {p%(n)}nzo converges
almost surely to the random variable L; € [0, 1].

Now, we show that the limit is always © with © ~ Beta(a,b).

15



For i = 1, applying Theorem 2.13 in Hall and Heyde (1980) we get

w: lim pr Lei(j) = L1 a.s.

n—-+oon,

{w : nEIfoop(l,w(n)) =1 a.s} -

< {w : nETooﬁ ZX (L) = L1 a-s.
1 w1(n)
g w: lim X(L‘Pl(j)) = L1 a.s.
nﬂ+oo(p1(n) =0
1 p1(n)
- w: lim X Lia.s.
ntoopr(n) g =
We have
_at Zfi(ln) Xag+ Z}Oi(on) X(0,9)
p(L‘Pl(n)) a -+ b + 2901 (n) —1
Therefore
+ 500 Xy + 228 Koo
Lo~ C oy 2=l A9 T 245=0 Au(0y)
1= UM P(1p(n)) = NN
n—-+o0 n—+o0 a+b+2<,01( ) 1
_ o) [ar XTI Xy | X Xy
n—>+ooa—|—b+2g01(n)—1 801( ) 901( )
_ L+® a.s
= 5 .5.

We conclude that © = Ly almost surely.

16



In the general case, by similar computation we have that

{“QE&%MmrJMM} c ”uE&;Zﬁwm — Lias.

- {w : nETooﬁ ZX(WZ ) = Lias.
1 vi(n)
C w: lim X L;a.s.
- n—»-‘,—oogpz(n) j:0 ( QDZ( ))
1 vi(n)
C w: lim Xjy =Lias. .
n—-+o0o (Pz( ) 20 7
and
i(n)—1 n —1 1 i(n
Do S X + TR Xy o+ S Xy
vliei(n)) a+b+l(902( ) _Z) +802( )
i(n)—i i(n)—it1
_ pi(n) f:o X(0.k) 4 f:o X1k
a+b+i(pi(n) — i) +pi(n) pi(n) pi(n)
pi(n)—1 X
k=0 (4,k)
o
So we conclude by induction that
I, = Lifilio a.s.
g i+1
(4)
Ly=06 a.s.
O

Remark 2. We note that for all ¢; : N — N, such that ¢;(n) /" co and the

process {p(iv%‘("))}wo converges a.s,

17



we have always lim p; ,,n)) = © with © ~ Beta(a,b), so by the monotone
n—oo

convergence’s theorem, for all fixed k

lim E [pf, .| = E [©] (5)

n—00
Now,theorem 1 can be used to prove the convergence in law of the overall

sequence {p(j’")}n'

Theorem 2. For fized j > 0

P(jin) £, © ~ Beta(a,b). (6)

n—-+00

Proof. Let v, be the characteristic function of p; ). Then we have

Yim(t) = E[e™om]
o (kT [k
(it)"E [Pu,n)}

k!
k=0
Now, for fixed ¢ > 0 and k£ > 0, we have
k k
E |ohin] o B |6 ()

with © ~ Beta(a,b).

In fact, for fixed i > 0, p;n) € [0,1], and therefore, for all k& > 0,
E[p’(‘;.,n)] € [0,1], so that nEI—iI—looE[pl(ci’n)] exists and is finite.

Now, we show that this limit is unique.

We suppose that lim E[p’& n)] =/{1, and lim E[pl(i n)] = lo.

n—-+o0o n—-+o0o

18



By Remark 2

6= lim E[pf; ] =E[6]

n—-4o00 (8)
o= tim B | =E[6"]
We conclude that
2] 2o g

lim g n)(t) = lim

k=0
0o
. (Zt k . k
- Z k! nh_r)nooE [p(J,n)}
k=0

This shows that the distribution of the limiting distribution of p(;, is

Beta(a,b). O

Theorem 1 implies also that the subsequences {X(i,dn(n))}n are asymp-
totically exchangeable. Before proving this fact, we recall the definition of

asymptotic exchangeability.

Definition 1. An infinite sequence (Vi,Va,---) s called asymptotically

exchangeable if
d .
(‘/}'4_1,‘/}4_2,"'):(Zl,ZQ,"')aS]—>OO (10)

19



with (Zp,m > 1) an infinite exchangeable sequence.
Now we can state the following
Theorem 3. The sequence {X(i%(n)}n 18 asymptotically exchangeable.

Proof. For a fixed i > 0, the conditional distribution of X(; ,,(n)+1) glven

f

oi(n) = 0 (X7, |o] < pi(n)) is a Bernowilli (p; 4,(n))) ; we have seen that,

as n — 00, it converges with probability one to a Bernouilli (©) with © ~

Beta(a,b).
So
P (X(ipitn)) = 1| Fopu(m) = Plasgitny) = ©
But

P (X(ixpu(n)) = 11 Gn) =E (X(ipi(ny) = 11 Gn)
and Hunt’s lemma (see Hunt (1966) or Meyer (1969)) entails
E (X(ipsny) =116) “2E (0] GL) = M.

with Q(i) = ylg;, Gl = G(X(Z-%(j)),() < j < n)and © ~ beta(a,b).
Finally by virtue of Lemma 8.2 in Aldous (1985) we get the asymptotic

exchangeability of the subsequence of interest. O

5 Poisson approximation

Finally we provide a conditional Poisson approximation for the overall num-
ber of balls of color 1 at level n given all the history of the process up to

level n — 1.

20



Proposition 2. Let H, = > !, X(in) be the number of balls of color 1
sampled at level n and W,, a Poisson random variable with parameter A\, =
> o Pam) for Pin) defined as in (2).
Then for any A,
|P(Hn € Al Fy) = P(Lo € A <D Dl -
i=0

Proof. We recall the definition of total variation distance between two ran-
dom variables is given by :

dry (X,Y) = Y |P(X=k)—P(Y =k)

k

= 2sup [P(X € A)— P(Y € A) (11)
ACN

So we can compute,

drv (Hp,Wn) = > |P(Hy=k) =P (W, =k)| <Y > |P(Xjn =k) = P(Win=k)|
k ) k

n

= > | 1= pam = |+ [Poin) = Pame P |+ P (Wi = k)
1=0 k>2

n

= > (|1=pgn) — € Pem |+ |pn) = Poimye P0m |+ 1= e Pam (14 pg p)))
=0
(12)

where W;,’s are independent Poisson random variables with parameters

P(in)-

21



But, since, for z > 0, 1 —xz < e™® < 1, we obtain by (12

n

drv (Ho, Wa) = Y (=14 Py + €700 4+ Py — Dugamye 70 + 1
=0
_e_p(i,n) _ e_pv(i,n) _ p(l n)e_p(i,n))
n n
= D (206m) — e ) =2 (Pugem (1 — i)
1=0 i=0

n

< 2 Pl
=0

Hence using (11) we conclude that:

sup |P(H, € A) — P (L, € A)| < Z?:Op%in
ACN ’

)
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