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Abstract: Suppose W, X, X; and X, are independent random variables and further
suppose that X and W(X; + X») are identically distributed. We give some character-
izations of probability distributions based on such identities.

1. Introduction

Suppose a random variable U is uniformly distributed on the interval [0,1]. Let
Y,Y; and Y, be independent and identically distributed nonnegative random variables
independent of the random variable U. Further suppose that

Y2U(Y +Ya)

in the sense that the random variables Y and U(Y; + Y2) have the same distribution.
Kotz and Steutel (1988) proved that the above equation characterizes the standard
exponential distribution. We now extend such results to other distributions.

2. Preliminaries

Suppose f(z) is a real-valued function that is defined almost everywhere for z > 0
and is such that

/1 |f(z)|z*"'dz < 00 and /w |f(z)|z* dz < o0
0 1

for some real numbers ¢, and ¢, with ¢; < c2. Then the Mellin tranform f(s) of f(z)
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is defined by -
fo)= [ o (o

0
where s = ¢ + 47 is a complex variable with ¢; < ¢ < ¢,.

If the Mellin transform exists and is an analytic function of the complex variable s
for ¢; < Re(s) < ¢, where ¢; and ¢, are real, then the inversion integral converges to
the function f(z), that is,

1 c+ico .
= ~*ds
$@) =5 [ Holo
where ¢; < ¢ < ¢, the integration path is parallel to the imaginary axis of the complex
plane s and the integral is understood in the sense of the Cauchy principal value (cf.

Polyanin and Manzhirov (1998), pp. 433-434; Springer (1979), pp.30-31). For the
general theory of Mellin transforms, see Paris and Kaminski (2001).

3. Main result

Let X, X; and X, be nonnegative independent and identically distributed (i.i.d) ran-
dom variables which are independent of another random variable W. Our problem is
to determine the distribution of the random variable W such that

X L2 WX + Xo). (1)

Let Fx(.) denote the distribution function of a random variable X and fx(.) denote
the probability density function of X whenever it exists. Let

bx(w) = E (%) = /R X qFy(z),u> 0 @)

denote the Laplace transform of the distribution of X. Then (1) is equivalent to
ox() = [ Stww)fwlw)du. ®)

Then, in order to find fi(.), we need to solve the integral equation (3).

Theorem 3.1: Suppose that X, X; and X, are nonnegative independent and identi-
cally distributed random variables which are independent of another absolutely contin-
uous random variable W with a probability density function fy (w). Further suppose
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of the required solution fy (w) of the equation (3). Applying now the inversion formula
for the Mellin transforms, we obtain the solution of the integral equation (3) in the

form given by (4) where ¢; < ¢ < c3.

Remarks 3.1: Obviously we can generalize the above discussion to find the distrib-
ution of a random variable W independent of n ii.d. nonnegative random variables
X;, 1 <1< nand X satisfying the relation that

XEW[Xi+Xa+ -+ Xa].

In analogy with (3), we obtain the integral equation
ox(w) = [ g5 ww) fowdu

in this case.

4. Applications to characterizations of some probability

distributions

Kotz and Steutel (1988) and Yeo and Milne (1989) have given univariate and mul-
tivariate characterizations of the exponential and the uniform distributions based on

the product
Z=UV

of two independent random variables U and V, where
V=X+Y

is the sum of two independent and identically distributed non-negative random vari-
ables X and Y. As formulated by Yeo and Milne (1989), the result of Kotz and Steutel
(1988) is that any two of the following conditions imply the third condition:

(i) Z has the same distribution as that of X and Y;

(i) U has a uniform distribution on the interval (0,1); and

(iii) Z has the standard exponential distribution.



i 48 PIETRO MULIERE AND B. L. S. PRAKASA RAO

b which implies that
i 1, O<wx<1
0, otherwise.

fw(w) = {

i We now combine the results obtained above in the following theorem.

Theorem 4.2: Suppose that X, X; and X are nonnegative independent and identi-
cally distributed random variables which are independent of another absolutely con-
tinuous random variable W and suppose that (1) holds. Then any two of the following
* three conditions imply the third condition:

i) X has the same distribution as that of X; and Xs;
ii) W has a uniform distribution on (0,1); and

iii) X has standard exponential distribution.

Proof: We have observed that the conditions (i) and (iii) imply (ii) from Theorem 4.1.
It is clear that the conditions (ii) and (iii) imply (i). This can be seen by the following
arguments. From the equation (8), we have

% () fw(1 = 5) = ¢x(s). 9)
b Since W is uniform on [0, 1], the Mellin transform of W is fiy(s) = 1. Since the random
i variable X is standard exponential, the Mellin transform of the Laplace transform of
11 9x(s) = sin(7s)’

1 Theref
i erefore n(l-s)  w(s—1)

i ¥x(s) = sin(rs) = sin(rs)

from the equation (9). Using the inversion formula of Mellin and Laplace transforms,
fél | we obtain that the random variables X; and X, have standard exponential distribu-
i tions. We now prove that (i), (ii) imply (iii). From (3) and (i), we have

1 6x(0) = [ Bx(uo) f(w)du,

Condition (ii) implies that

™

¢x(u)

Il

/0 " (bl dw
1
- 3| #wiaw,

B I
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where B(,,.) is the Beta-function. Suppose X; ~ I'(1,a) and X, ~ I'(1, a) and X; and
X, are independent. Then the Laplace transform of X; + X, is

¢xl+x2(s)=( : )2“

1+s

and the Mellin transform of this Laplace transform is

I'(s)I'(2a—s)

B(2a —s,s) = T(2a)

From the result obtained in Section 2, we observe that the Mellin transform of W is

£ Pl $(1 - 5)
fW( ) ng(l _ S)
B(a—(1-3),(1-235))
B(2a—(1-18),(1—3))
I'(1-s)I(a+s—1) I'(2a)
I'(a) I'(2a+s—-1)I(1—s)

I'2a)T(a+s—1)
I'(s)['(2a+s—1)

Using the inversion formula for Mellin transforms, we obtain that

1

a—1lrq _ a-1 < <1
B(a,a)w 1-w)?*", 0<sw<

fw(w) =

which in turn proves that the random variable W ~ Beta(a,a), that is, W has the
Beta distribution with parameters a and a.

Remarks 4.2:(i) If, in the above theorem, we assume that (i) X, X; and X, are
independent but not necessarily identically distributed such that X ~ I'(,a), X1 ~
I'(1,a) and X, ~ I'(1,b), then , it can be shown that W ~ Beta(a, b). This can be seen
from the following relations. Note that

bx,(s) = &)I‘F((Fl’
¢X1A+X2(s) = %—tﬁ,
and hence
f” (sb)_ d’kl(l_s) _ F(l—s)P(a+s—1) I'(a+b)
T exim(i-e) T I'(a) I1-sT(a+b+s—1)

IF'la+bl(a+s—1)
F@)(a+b+s—-1)
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